We investigate the effect of non-degenerate quarks on B K . This effect is noticeably large for B K (significantly larger than statistical uncertainty). Hence, it is important to include this effect in order to determine B K with higher precision. We also observe that the quality of fitting for B K gets better when we include non-degenerate combinations to fit to the prediction by Van de Water and Sharpe. However, this effect on B (3/2) 7 and B (3/2) 8 turns out to be relatively small.
Effect of non-degenerate quarks on B K
This paper is a follow-up from the previous paper [1] on B K . Hence, in order to avoid repeating the same explanation, we will quite often refer to Ref. [1] for details.
In this paper, we focus on B K , the kaon bag parameter for indirect CP violation. In particular, we are interested in the effect of non-degenerate quarks (i.e. m x = m y ). Before we go into the details, we want to address couple of issues which covers the historical evolution of the staggered ε ′ /ε project. When we used unimproved staggered fermions to calculate weak matrix elements, we have observed three major problems: (1) large scaling violation, (2) large perturbative corrections at the one loop level, and (3) large uncertainty due to the quenched approximation. We use improved staggered fermions with HYP fat links which reduce the scaling violations and decrease the one-loop correction down to ≈ 10% level [2, 3, 4] . We measure weak matrix elements over a subset of the MILC gauge configurations in order to remove the uncertainty originating from quenched approximation [5] . In other words, we numerically simulate the unquenched QCD where the valence quarks are HYP staggered fermions and the sea quarks are AsqTad staggered fermions (we call this a "mixed action"). Hence, in this paper, we report recent progress in calculating B K in unquenched QCD using improved staggered fermions.
Details of input parameters for this numerical study are provided in Ref.
[1] and so we do not repeat them here. We use 5 degenerate quark combinations and 4 non-degenerate combinations to probe the effect of non-degenerate quarks. These 9 combinations are listed in Table In Fig. 1 , we present B K as a function of Euclidean time with a degenerate quark combination (m x = m y = 0.03) in the lefthand side and with a non-degenerate quark combination (m x = 0.01 and m y = 0.05) in the righthand side. The best fitting range is 10 ≤ t ≤ 15 as explained in Ref. [1] . Here, note that the quark masses are chosen such that the kaon masses are the same at the leading order for both the degenerate and non-degenerate combinations. In Fig. 1 , we observe two things: (1) the signal for the non-degenerate combination is noisier than that for the degenerate one and (2) the B K value of the non-degenerate combination is noticeably higher than that of the degenerate one.
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Calculating B K using the mixed action Taegil Bae [1] and we do not repeat it here. For the non-degenerate combination (m x = m y ), they predict the chiral behavior of B K in the continuum limit as follows:
where f = 132 MeV andc i are unknown dimensionless low-energy constants. The chiral logarithms are given by I conn and I disc . The contribution from the quark connected diagrams is
The contribution from the diagrams involving a hairpin vertex is
Calculating B K using the mixed action Taegil Bae
Here, note that the chiral logarithms appear through l(X ) andl(X ), which are defined as
where F.V. represents a finite volume correction. The notations for the various meson masses are as follows for those composed of sea quarks:
and as follows for those composed of valence quarks 
Calculating B K using the mixed action Taegil Bae suggested by chiral perturbation theory:
where the cut-off scale Λ is set to Λ = 4π f . The fitting results are summarized into When we compare the fitting results of Table 2 with those in Ref. [1] (only for the degenerate combinations), we notice three things: (1) χ 2 is much smaller for the whole fitting (including both degenerate and non-degenerate combinations) than that only for the degenerate combinations, (2) the low-energy constants c 1 , c 2 and c 4 are consistent with those of Ref. [1] within statistical uncertainty, and (3) for a given choice of Λ, the c 3 term is essentially zero within statistical uncertainty. Judging from these observations, we understand that the effect of non-degenerate quarks are dominated by the chiral logarithmic terms such as I conn and I disc whereas the c 3 term does not play much role at all. Judging from the fact that the c 3 term is zero, we know that we can determine all the low-energy constants (c 1 , c 2 , c 4 ) using only degenerate combinations. In addition, using these low-energy constants, we can determine the B K value at the physical kaon mass with physical valence quarks (m x = m d and m y = m s ). However, we know that χ 2 is substantially smaller when we include non-degenerate combinations in fitting, which leads us to the conclusion that it would be significantly better for data analysis to measure enough non-degenerate combinations as well as degenerate combinations.
In Table 2 , the χ 2 is rather high when we take into account the fact that all the data are correlated. In fact, one can observe that the fitting curve does not fit the lightest two data points very well in Fig. 2 . In other words, the fitting curve miss the lightest two data points in the opposite direction. In Ref. [6] , it is pointed out that the contribution from the non-Goldstone pions are so significant that the curvature of the fitting curve becomes smoother, which is consistent with what we observe in Fig. 2 . However, the full prediction from staggered chiral perturbation contains 21 unknown low-energy constants for a single lattice spacing and 37 unknown low-energy constants for the full analysis [6] . In order to determine all of them, it is necessary to carry out a significantly more extensive numerical work.
In the current analysis of B K data, we match the lattice results to the continuum values at the tree level. In this respect, the results are preliminary. 
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Calculating B K using the mixed action Taegil Bae |K + available in Ref. [7] . This result applies to the N f = 3 case with m u = m d = m s . It, however, does not apply to the case of N f = 2 + 1 with m u = m d = m s . Therefore, in order to understand the data in Fig. 3 further, it is necessary to calculate the chiral behavior for N f = 2 + 1 using staggered chiral perturbation theory.
